Introduction
High-performance machining of crooked spatial surfaces is a complex task, which solution are supremely important for various type of industry like casting, molding, dies production and monolithic components in the aeronautical industry. In most cases, finishing of such surfaces is carried out with ball end mills on CNC machines. Ball end milling of inclined surfaces can be considered as particular case of crooked spatial surfaces machining. This process is widely used, which is caused by competitive prices of machines and accessories and by the wide spectrum of the problems that can be solved with this machining process.
However, the main limitation of this machining method consists in difficulty of tilt and lead angles control. Dynamical properties of ball end milling process are specific and its dynamic behaviour prediction is a knotty question. Particularly, it concerns ensuring process stability.
Chatter vibrations are relevant for all types of cutting. Their genesis consists in regenerative effect. One of the first studies about chatter vibration was applied in the case of orthogonal turning [1] . Stability analysis of the corresponding dynamic system leads to the well-known stability lobes. This approach was adapted for milling system where value and orientation of cutting force are changing [2] . On this approach only the mean cutting force is analyzed, this method is called zero order stability solution [3, 4] . However, this analytical method is widely used, faster and easy to adjust in a real process. Thus, this method was applied for ball end milling in 3 axis milling [5] . In this study, the chip thickness variation in both radial and axial directions was considered, and the variations of the cutting force coefficients for each point on the cutting edge were taken into account. This approach was widespread in the third axial direction [6] . The obtained three dimensional chatter stability model was extended to 5-axis ball end milling [7] and to positioned 5-axis ball end milling [8] by adding the effect of lead and tilt angles on the process. An automatic adjustment of tool axis orientations was developed to avoid chatter along the tool path in 5-axis milling [9] .
On the same way, improvements were made by analysing the exact force expression occurring in milling [10] [11] [12] [13] [14] . These multi-frequency stability solutions are based on improved mathematical methods for differential equations with delayed terms to model milling. In peripheral milling, with small radial depth of cut, interrupting cutting generates a period doubling instability (flip) [15] . This special cutting condition is observable only at high speed on the first lobes of stability lobes. Flip lobes thus become negligible for high orders. These approaches are also highly effective for fine modelling of the stability dynamic with the cutting tool run-out [16, 17] , the helix angle [18] , the geometrical defects [19] , the multiple chatter frequency [20] , the non-linear cutting laws [21, 22] , the spindle speed variation [23] .
The accuracy of this multi-frequency method has been again improved recently [24] [25] [26] . In 5-axis milling this improved full discretization method was applied to construct posture stability graphs to guide the selection of cutter postures during tool-path generation [27] .
Other approach for chatter modelling is the numerical simulation of the motion equation, called time domain simulation [28] [29] [30] [31] . In this case, the fine modelling at the scale of chip formation give accurate cutting force for general case and the machined surface only for system with a very simple dynamic [30, 31] . Time simulation is able to model rapid phenomenon that are not periodical and highly complex to be modelled with frequency based approaches, like the ploughing effect [32] . The dynamics for 5-axis in flank milling was modelled with hemispherical tools for surface machining [33] . This highly comprehensive time-based modelling allows process geometry, cutting force and stability to be obtained for large axial depth of cut in flank milling.
Although significant research has been reported in the stability of 5 axis milling [7-9, 27, 33] there is a little effort reported for the accurate stability prediction of this process. This paper is devoted to study of warped surfaces machining on milling machines with ball end mills. The dynamic model presented is based on the classical stability lobe theory, but new improvements are incorporated in order to improve the accuracy. The non-linear effect of radial allowance on the contact angle was modelled. A more complete experimental analysis was conducted in order to study the effect of machining parameters on the stability of climb milling.
All the aspects of the dynamical model and the original averaging method are presented in Section 2. An innovative experimental approach, to study stability during inclined surface milling, is described in Section 3. The experimental results are analysed to estimate the accuracy of the model in Section 4. Finally, concluding remarks are addressed.
Modelling

Tool immersion: contact angle
The contact patch between end mill and workpiece is described by start angle and exit angle . Angle between exit and start angle is a contact angle = − (Fig. 1 ). For machining with flat end mills contact angle is constant for variable axial depth of cut value and it is determined only by radial depth of cut . Furthermore, for down-milling exit angle always equals π (Fig. 1a) and for conventional cutting (up-milling) start angle always equals 0 (Fig. 1d) As is shown in a Fig. 1 , contact angle decreases as lead angle increases for constant radial allowance. It is significant that down milling and conventional milling in ball end machining are not pure -as opposed to flat end machining, because loading and unloading of cutting edge occurs more gradually -with a time stretched impact.
For upward copy milling start and exit angles may be defined [34] with Eq. (1) for up-milling, Eq. (2) for down-milling and Eq. (3) for slot-milling, correspondingly:
In these equations coefficient = 1 − , . Mutual values of radial allowance and lead angle, wherein cutter axis is excluded from cutting process, can be calculated [35] :
As far as possible, it is necessary to machine with radial allowance values less than , (Fig.3 ).
Cutting forces and dynamic motion
Regenerative effect in milling consists in influence of previous cutting tooth passing on chip formation during current cutting tooth passing. Inasmuch as machine-tool-workpiece system oscillates with some frequency and magnitude, instantaneous chip thickness includes static ( 
Here ( ) is a so-called switch function, which determines whether the tooth is cutting or not. This step function depends on contact angle:
For the Single Degree Of Freedom (SDOF) dynamic model ( Therefore, cutting forces also have static and dynamic components. Static component can be neglected in dynamic analysis of cutting process [22] . Dynamic component describes periodic perturbations of the system. Hence, cutting process can be described by the next delay differential equation in generalized coordinates.
Here is the modal mass, is the modal damping, is the natural frequency of the mode and is the actual force.
For the multi-dimensional case Eq. (7) becomes a matrix equation:
Here Cutting force models during ball end milling is more complicated than during flat end milling.
It is caused by several reasons. Effective cutting velocity is changing if radial allowance and lead angle are changing. As a result magnitude and vector direction of cutting force components are changing too. Thus, due to increase of lead angle, the radial component also increases. Normally axial components of cutting force are determined experimentally for different initial cutting conditions. After that it is possible to calculate specific cutting force coefficients, radial and tangential cutting force components.
For linear SDOF system -axis component of the linear cutting force can be calculated in classical representation as:
Here is the axial depth of cut [mm] and is an experimentally identified specific cutting
. In such manner tangential and radial components of the cutting force for th tooth are:
Here and ′ are the specific tangential and radial cutting force coefficients [N/mm 2 ], respectively. A dimensionless radial cutting force coefficient will be used from this point on, which is:
With reference to tangential and radial components -axial cutting force component in matrix form is:
After substitution Eq. (10) into Eq. (12):
Where 0 is directional dynamic milling force coefficient, which depends on the contact patch, with a period 2 ( is number of teeth) and ayy the dynamic coefficient in the direction y:
For non-linear SDOF system component of the non-linear cutting force can be calculated in accordance with the experimentally verified three-quarter rule. This non-linearity takes into account the friction between cutting edge and workpiece during the cutting process.
Here is the feed per tooth [mm] . Using the first few terms of a Taylor series:
Hence, the equation of motion for SDOF system is:
Stability analysis
During contact between cutting tooth and workpiece, system endures forced oscillations.
Then, when tooth leaves workpiece, system endures damped free vibrations. In machining classical stability analysis of linear dynamic system is based on Lyapunov stability [2] . For this the equation of motion must be written in this characteristic form first. All eigenvalues of the transfer matrix must be negative or equal zero for Lyapunov stability:
The determinant of the resulting characteristic equation is:
Oriented transfer function 0 ( ) of SDOF system describes with directional dynamic milling force coefficient 0 and direct transfer function ( ). Direct transfer function ( ) characterizes dynamic compliance of the system as a response to periodic force with chatter frequency .
For linear SDOF system chatter free limited axial depth of cut is:
Radial allowance as a function of axial depth of cut can be determined (Fig. 3) :
In the case of horizontal surface ( = 0) radial allowance , , determined with Eq. (23),
will be equal to axial depth of cut . Direct transfer function , or flexibility in the direction may be determined as:
In ball end milling of curved surfaces increase of radial allowance leads to non-linear increase of contact angle, which follows from dimensionless solution of Eq. (1-3) , e.g. for slot-milling of surfaces with lead angle 30 ○ and 45 ○ , respectively (Fig. 4) . In milling, directional dynamic milling force coefficient also changes. , must be vanished.
6. Steps 2-5 should be repeated for the rest of specified range with a definite stage of iteration. Precision of this method depends on the iteration step. In some cases, non-linear special aspects of ball end milling have profound effects on cutting process. This is particularly so important when high-speed machining is coupled with lowimmersion milling. In this case, critically short time of cut (equal oscillation period or even less) may cause self-interruption of cutting process and thus may cause period-doubling of oscillation. Besides, non-linearity of cutting force inherent to ball end milling is a result of curvature of cutting edge. This non-linearity can be taken into account in a tight range using linearization. 
Experimental tests
Cutting force coefficient
In this system helix angle of the cutting tool is ψ hl = −15°. 
Cutting tool oscillations
Before machining, hammer impact tests were made. The corresponding frequency response functions (FRF) of the tool was obtained by a hammer impact tests using an instrumented hammer (2302-10, Endevco), a velocimeter laser (VH300+, Ometron) and a data acquisition system (Pulse, Brüel & Kjaer). Measured modal stiffness = 2815 / ; modal natural frequency of the system = 864 and modal damping = 0.012 are collected in Table 1 .
2815 N/mm 864 Hz Table 1 Modal parameters identified Fig. 10 shows the experimental setup. During machining, the vibration of the main system (1), which includes ball end mill (2) and workpiece (3) was measured by the velocimeter laser (4), the signal was collected by a conditioner (5) and stored in a personal computer (6). 
Analysis of results
Stability lobes
Plotted stability lobes diagrams (Fig. 11-14 Test results for up-milling with lead angles 30° and 45° are presented in Fig. 13 and Fig. 14 .
Quasi-periodic stable oscillations are typical for up-milling. This can be explained by additional impact load, which is inherent in conventional milling, when tooth of the cutting tool leaves workpiece. Thus, magnitude of free flight oscillation grows up instantaneous after impact excitation (tooth leaving of workpiece). As previously noted, during ball-end milling there is time stretched impact excitation. This kind of stability is according to supercritical Hopf bifurcation. 
Conclusions
This paper presents a study of warped surfaces machining on milling machines with ball end mills. A specific model based on the classical stability lobe theory was use and improved with more important aspects. The non-linear effect of radial allowance on the contact angle was integrated by an original averaging method. The cutting coefficients are updated during changing of effective radius and cutting velocity. This modelling allows predicting the stability lobe on inclined surface more accurately but easy to adjust in a real industrial
process.
An original experimental procedure was developed in order to compute the cutting coefficient for various inclined surfaces. In real context, the cutting forces are measured by a standard dynamometer with various inclinations. The cutting coefficients are non-constant, and large amplitude of variation is observed as function of the tilt surface.
More complete experimental analysis was conducted in order to study the effect of machining parameters on the stability of climb milling. The lead angle has a direct impact on cutting stability, the greater the angle decreases more the stability increases.
The comparison between experiment and simulation show good correlation for the prediction of the depth of cut without chatter. Therefore, the improvement in the simulation of inclined surface inclined surfaces machining on milling machines with ball end mills needs the development non-linear damping models. 
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